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ABSTRACT 

Lusztig conjectured that the almost characters of 
a finite reductive group are up to a scalar the same as 
the characteristic functions of the rational character 
sheaves defined on the corresponding algebraic group. 
We propose in this paper to verify this conjecture for 
the uniform almost characters of the Suzuki and the 
Ree groups and to show that a conjecture of the same 
type holds for the disconnected case of type B 2 . We 
then state a conjecture on the possible values of the 
uniform almost characters on unipotent elements in 
the disconnected case of type F4. 



1 Introduction 

Let Go be a connected reductive group defined over the finite field with q ele- 
ments and Fq : Gq — > Go such that Fq is a Frobenius map for some positive 

TP F^ 

integer S. We denote by G ° and G ° the finite groups of fixed points un- 

der F and Fq respectively. The group G ° is F -stable and the restriction 

of F to G ° (denoted by the same symbol) is an automorphism of G ° . We 

are interested in the irreducible characters of the extension Go = G ° x (Fq). 
A relevant example in which this situation occurs is when Go is a simple alge- 
braic group of type B 2 , G 2 or F4 and Fq is the isogeny that defines the Suzuki 

F 2 

and the Ree groups; in these cases, Fq is a Frobenius map and G ° is a simple 
group (except for the first value of the parameter). In j2] and 0, we compute 
the character table of G in the cases of type B 2 and G 2 respectively. But the 
employed methods are essentially ad hoc and cannot be used for type F4. 

When the algebraic group is connected, Lusztig has shown that the compu- 
tation of the irreducible characters of G^ is reduced to the determination of 
the almost characters of G^ (this is a family of class functions on G^ defined 
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using the generalized characters of Deligne-Lusztig) JTJ1 . To obtain the values of 
these functions, he develops the theory of character sheaves on Go: to every in- 
stable character sheaf on G we can associate in a natural way a class function 
on Gq° , the so-called characteristic function of the sheaf [13] ■ He conjectures 
that the characteristic functions of character sheaves coincide (up to a scalar) 
with the almost characters [141 V]. With some assumptions on the characteristic 
and on the center of Go, Shoji showed that this conjecture holds when Fq is a 
Frobenius map (2B1- Recently, Bonnafe proved that Lusztig's conjecture holds 
in type A n when the center of G is not connected [Q . 

The advantage of this approach is that the characteristic functions of F - 
stable character sheaves can be computed using a uniform algorithm described 
by Lusztig in |14l V.§24]; the input of this algorithm is the generalized Springer 
correspondence introduced by Lusztig [13 . 

Recently, Lusztig started a series of papers in which he develops a theory 
of character sheaves for disconnected groups and defines a generalized Springer 
correspondence in this case ^21; we do not know at present whether Lusztig's 
algorithm is valid in this situation. 

In this note, we propose to apply this theory to the groups Go interpreted as 
a fixed-point subgroup of a disconnected reductive group G = G X ( r ) (here G 
is a connected reductive group constructed from Go and r is an automorphism of 
finite order of G) under a generalized Frobenius F, using a method developed by 
Digne in 0. In the case that Go is of type B2 or F4, the element r (viewed as an 
element of G) is unipotent and we thus can determine the generalized Springer 
correspondence on the coset Gr. We can then apply Lusztig's algorithm a 
priori as in the connected case; we show that Lusztig's conjecture holds for the 
disconnected type B2 (using the explicit table in [2j) and we give the possible 
values of the uniform almost characters on unipotent elements for the type F4. 

The paper is organized as follows: in Section we determine the classes 
of G from those of Go. In Section03 we apply Lusztig's algorithm to Go (in the 
case of types B2, G2 and F4) with the twisted map Fq that defines the Suzuki 
and Ree groups and verify that Lusztig's conjecture holds in those cases for the 
uniform almost characters on the unipotents elements. In Sectional we verify 
Lusztig's conjecture in the disconnected case of type B 2 and give a conjecture 
for the case F4. 

2 The group Go 

In this section, G is a connected reductive group defined over ¥ q (where q is a 
power of 2) and Fq is a map on Go such that Fq is a Frobenius map. 

2.1 Restriction of scalars 

Now we will interpret the group Go = G X ( Fq ) as a fixed-point subgroup 
under an endomorphism F of an algebraic group G; we use the construction 
developed in [§]. We set G = Gq x Go and G = G X (r), where r is the 
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algebraic automorphism of G defined by (<7i,ff2) r = (92,31)- The group G is 
a^ non-connected reductive group with identity component G. Let F : G — > 
G be the homomorphism defined by F(gx,g 2 ) = (-£0(32), -?o (51)) an d F{t) — 
t. Let To be a maximal rational torus of Go contained in a rational Borel 
subgroup of Go- The group B = B X B is an F-rational Borel subgroup of G 
containing T = T x T as maximal F-rational torus. The groups T and B 
are r-stable, thus r is quasi semisimple. It is not difficult to show that r is 
in fact quasi-central (HI 1.15]. We put B = B x (t) and T = T X (t); we 
have B = Ng,(B) and T = Ng(T, B). Thus T and B are respectively rational 
"torus" and rational "Borel" in the sense of Digne and Michel 1.2]. 

Proposition 2.1 We have the following isomorphisms: 



G T 


— G , 




(G T f 


— ^0 I 




G F 


~ r* F o 
— ^0 1 




G F 


F 2 


(F 



Proof — The isomorphisms are given by ip : Go — > G r , 3 1— > (3,3) and yj' : 
G ° — > G , 3 h- > (g,Fo(g)). Moreover we have <p o Fq — r o y> , it follows 
that F| G f acts on G as Fq| F 2 on G ° and the result holds. 



2.2 Conjugacy classes 

We will now describe the conjugacy classes of the groups appearing in t l2.ll We 
are interested in the conjugacy classes of elements belonging to the coset Gr. 

Lemma 2.1 Two elements (51,32)''" and (g[, g' 2 )r of Gt are conjugate in G if 
and only if g\gn and g'^g'-i are conjugate in Gq. 

Proof — First recall that (31,52)1" and (g[, g' 2 )T are conjugate in G if and only 
if they are conjugate by an element in G. Then there exists h — (hi, h 2 ) G G 
such that h\g\ = g[h 2 and h 2 g 2 = g 2 h\. It follows that 3132 and g[g 2 are 
conjugate. Conversely if 3132 = hg[g' 2 h for some h S Go, we have: 

(31i1)(52,5i)t(51i1) _1 = (5i32, l)r 

= (hgig^h- 1 , l)r 

= (hg[,hM,g' 1 )T(hg' 1 ,h)- 1 

Since r(gi, g^rr^ 1 — (32,31)1" the result follows. 

□ 

In the following, if if is a subgroup of Go, we denote by jJb(H) = {(h,h) £ 
G\heH}CG. 
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Proposition 2.2 The map f : Gq i— ► Gr, a; i— * (x, l)r induces a bijection from 
the conjugacy classes of Gq to the classes in the coset Gr and we have 

C e (/(*)) = MCGo (*))•< 0M)O- 

Moreover f induces a bijection between the unipotent classes of Gq and the 
unipotent classes in the coset Gr. 

Proof — We first remark that every conjugacy class in the coset Gr has a 
representative of the form f(g) for some g € Go because (xi,x 2 )t is conju- 
gate to f(xix 2 ). The bijection between the classes is now a consequence of 
Lemma \2. II Moreover we have: 

{{xi,X 2 )Tf m = ((x 1 X 2 ) m ,(x 2 X 1 ) m ) . 

We denote by d the order of (xi,x 2 )t and by d 1 the one of x \x 2 ■ Since x 1X2 
and x 2 xi are conjugate, they have the same order. Thus we have ((xi , X2)T) 2d — 
1 and it follows that d divides 2d' . Moreover 2 divides d, then there exists a 
positive integer k such that d = 2k. Thus k divides d! . Conversely we have 1 = 
((xi,x 2 )T) 2k ; it follows that (xiX2) k — 1 and d' divides k. We have k = d' and 
we have to prove that 

|<((zi,z 2 ),r))|=2|<xiz 2 >|. 

Recall that the characteristic of the considered groups is 2, it follows that the 
bijection induced by / is compatible with the unipotent classes. 

Let x € Go, we then have h(Cg {x)).( (x, l)r ) C Cg(/(i)). Conversely 
if (9i,92){x, l)r = (x, l)T(gi,g 2 ) we have [gix,g 2 )r = (xg 2 ,gi)T and gi £ 
CgoO). If {gi,g 2 )r(x, l)r = (x,l)T(g 1 ,g 2 )T, then [gi,g 2 x) = (xg 2 ,gi) and g 2 S 
Cg (i) as required. 

□ 

We now discuss the F-rational classes of G in the coset Gr. We first recall 
a relevant result which is a direct consequence of Lang's theorem: 

Theorem 2.1 Let G be a connected reductive group defined over ¥ q and F a 
generalized Frobenius map on G. Suppose that G acts transitively on a set X , 
suppose that there exists F' : X — > X such that F'(gx) = F(g)F'(x) for ev- 
ery g € G and x 6 X and suppose finally that Stabc(x) is a closed subgroup 
ofG. Then X F is non-empty and if xq E X f , we set 

A(x ) = Stab G (a; )/Stab G (xo) 

and by it the canonical projection of StabG^o) onto A(xq). Then the map F 
naturally induces an automorphism on A(xq), denoted by the same symbol, and 
the G F -orbits of X F are in bijection with the F-classes of A(xq) (i.e., the orbits 
on A{xq) for the operation g.h = g^ 1 hF(g)). Moreover the correspondence 
is such that if x — gxo then we associate to the G F -class of x the F-class 
ofnig-'Fig)). 
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Let xt € G, we denote by A(xt) = Q g (xt)/C g (xt)° . If xt is rational, we 
denote by F the automorphism of A(xt) induced by F. We have: 

Proposition 2.3 Every rational class on Gr has an F-stable representative. 
Moreover the map f defined in Proposition^^ gives a bijection between the Fq- 
rational classes of Go and the F-classes in the coset Gr. Finally, the conju- 
gacy classes of G F ° are in bijection with the conjugacy classes of G F in the 
coset G f t. Moreover if g is a representative of a class of G F " and if g is a 
representative of the corresponding class on G f t then we have 

|C 5F (9)| = 2|C Gf (g))|. 

Proof — The map / gives a bijection between the F -rational classes of Go 
and the F-classes in the coset Gr because F((g, l)r) is conjugate to (g, l)r if 
and only if F (g) and g are conjugate. Let go G G F °, then we have 

F((5o ) l)r) = (5o,l)- 1 (5o,l)r( ffo ,l). 

Since (go, 1) G G, we can find u € G such that (go, 1) = u~ 1 F(u) (we apply 
Lang's property in the connected group G with the generalized Frobenius F). 
The element u(go, l)™" 1 is rational and we have 

uC G ((g , l^u" 1 = C G (u(g 0l l)™" 1 ). 

Let g, h g Cg((jo, 1) t ), we then have 

uh' 1 u' 1 ugu' 1 F(u)F(h)F(u' 1 ) = uh^g^go, l)F(h)(g , 

Consequently the F-classes of C G (u(go, l)™^ 1 ) are in bijection with the ^3oA)jp_ 
classes of Cg((<?0i l) 7 )- We can apply Theorem l2 . II with X = Cl((goj 1) T ) and F' 
being the restriction of F to this set; we take u(go, l)ru _1 as rational element. 
It follows that the G F -classes of Cl(/(xo)) F are in bijection with the <soA)p. 
classes of A(f(xo)). Using Proposition 12.21 we have Cg(/(<7o)) = A* (C Go (go)). 
For every (h,h) £ Cg(/(.9o)), we then have 

^F(h,h) = (°°F (h),F (h)), 

but since Fo acts on Cg (<7o) we have Fo(h) 6 C Go (go) and it follows that the 
operation of ^"^F on Cg(/(<7o)) is the same as the one of F on G G (f(go))- 
Since /i is an isomorphism of algebraic groups, it follows that A(f(go)) is iso- 
morphic to A Go (g ) = C Go (so)/ Cg (.9o)° and we have 

Fo jj, = fio F , 

thus the Fo-classes of A Go (go) are in bijection with the F-classes of A(f(go)). 
This proves that the classes of G F are in correspondence with the classes of G F 
in the coset Gr. We set ir (resp. ttq) to be the canonical projection of Cg(/(<7o)) 
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onto A(f(go)) (resp. Cg (<?o) onto Acr (go))- Let 7To(a) be a representative of 
a Fo-class of AG (go) and let a be a corresponding class representative of 
given in Theorem 12 .11 We then have 

C G F (a) ~{h£ C Go ( 3o ) | F(h) = a^ha}. 

Moreover the element 7r(a, a) = (7i"o(a), no(a)) is a representative of the ( go > ls >F- 
class of A(/(# ))- Thus 

C GF (5^i) ~{Ae C G (/(fl0)) I F(h) = a^/ia}, 

where (o^S) is a representative of the class of G F corresponding to 7r(a,a). 
Hence G G F(a^a) is isomorphic to /i(C G p(a)) and the result is proven. 

□ 

Remark 2.1 The element u in the preceding proof can be explicitly chosen as 
follows: since go belongs to the connected group Go, using Lang's property in 
this group, we can find x G Go such that go — x Fq(x). We then have 

(go,l) = (x,Fo(x)r 1 F(x,F (x)). 

It follows that y = (Fo(x)x" 1 , F (F (x)x- 1 )) t is a rational element in the 
rational class of (go, l)r. In '?] Digne and Michel define the Shintani corre- 
spondence: this is a bijection N F / F 2 between the conjugacy classes of and 

the conjugacy classes of G ° x (Fq) in the coset G ° Fq. We then remark that 

y = ^((N F/F ,(g j)- 1 ), 

where if' is the explicit isomorphism between G ° x ( -Po ) and G constructed 
in the proof of Proposition \2.1\ 

3 Lusztig's conjecture for the Suzuki and the Ree 
groups 

In this section, we will prove that the simple groups of types B2, G2 and F4 
with the Frobenius map defining the Suzuki and Ree groups satisfy Lusztig's 
conjecture. For the explicit calculations in this section, we will use programs 
developed in Gap [H] by the author. We will first recall some generalities. 

3.1 Generalized Springer correspondence 

Let Go be a connected reductive group defined over the finite field of q elements 
and Fo be the corresponding Frobenius map. We set J\f to be the Go-classes of 
pairs (u,(j>), where u is a unipotent element of Go and <j> an irreducible char- 
acter of the component group Ag (u) defined in the proof of Proposition 12.31 
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Two pairs (it, 4>) and (v, ip) are in the same Go-class if there existe x € Go 
such that v = x^ 1 ux and ip(t) — (^(xtx -1 ) for every t € Ag^w) (note that 
it is independent of the choice of x). In J^j, Lusztig associates to every 
pair (u, </>) a 4-tuple (L,v,%l), p), where L is a Levi subgroup of G , v e L is 
unipotent, -0 € Irr(Ai,(w)) and p € Irr(NG (L)/L). If L = Go then the pair 
is said cuspidal. Lusztig's construction defines a bijection between Af and the 
set of 4-tuples as above, such that (v, ip) is cuspidal for L. We write p Ui< p for p 
if (it, 0) corresponds to (L,v,tp, p). The map (it, <^>) i— > /O u ,0 is the generalized 
Springer correspondence. 

3.2 Lusztig's conjecture 

We use the same notation as in t l3.ll We denote by T a maximal rational 
torus of Go contained in a rational Borel Bo of Go. We define the Weyl 
group W = N(To)/To of Go- Since To is rational, it follows that Fo acts 
as an automorphism on W; we denote it with the same symbol. Let p € Irr(W) 
such that p F ° = p; using Clifford theory we can extend p to \W = W X ( -Fo) • We 
choose such an extension p and we define the uniform almost characters of G F " 
as ^ 

R ~ p = W\ ^ p( wF ^ Rw i 

where R w is the generalized Deligne-Lusztig character (1 t f ) associated to 
the rational torus T w of Go corresponding to w. For definition and properties 
of these characters we refer for example to §7]. 

Let C be a rational unipotent class in Go and £ be an _Fo-stable irreducible 
local system on Go which is Go-equivariant for the conjugation action of Go. 
In Ql], Lusztig associates to (C, £ ) an irreducible Fo-stable perverse sheaf on Go. 
We can attach to it its characteristic function Xc,s on G^ ( |141 II. 8. 4] for the 
definition), defined up to a scalar. 

Following ;22, 3.5], there is a correspondence between the pairs (C, £) defined 
previously and the pairs (it, 0) defined in t !3.1l siich that it is rational and c/> is in- 
stable (the set of such pairs is denoted by J\f F ° in the following); we denote 
by X u ^ the corresponding characteristic function in this correspondence. We 
denote by Ao (resp. A/jf ) the pairs of J\f (resp. N F °) such that the associated 4- 
tuple has the form (To, 1,1, p u ,<p)- Note that the restriction of the map (it, 4>) h- > 
p u ,<ji to Ao is the original Springer correspondence. 

Lusztig conjectures that the uniform almost characters R$ u . and the char- 
acteristic functions X u ^ with (it, <fi) € Af F ° coincide up to a scalar. We propose 
to verify that this conjecture holds on unipotent elements. 

Remark 3.1 Lusztig's conjecture is more general. Lusztig defines in 13.6] 
the almost characters. Lusztig's conjecture asserts that these class functions 
coincide up to a scalar with the characteristic functions of every Fa-stable char- 
acter sheaf on Gq. To compute the values of these functions, it is sufficient to 
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compute the values of the characteristic functions Xc.s on the unipotent ele- 
ments; see \14\ 11.8.5]. 



3.3 Lusztig's algorithm 

We keep the notation of the preceding sections. Our aim is to compute the values 
of the characteristic functions X u ^ for (u, (f>) G A/jf° on the unipotent elements 
of and to compare them with the uniform almost characters of . 

Let (u,</>) € 7V,f°; we define ip u ^ : C1g ( u ) ~ * Qi as follows: using The- 
orem 12.11 if a is a representative of an F -class of Aq (u) , we denote by g a 
the corresponding class representative of G^°. We set tp Ut $(g) — 4>(aFo) if g 
is conjugate to g a in and <p u ,4>{g) — if g ^ C1g (u) f °; it depends on 
the choice of an extension <f> of the Fo-stable character <fi to Ag (u) x (Fq) and 
hence it is only well-defined up to a non-zero scalar multiple. Note that the class 
function <p Ul< j, is up to a scalar the class function Y u ^ defined in |14l V.24.2.3]. 

We now recall Lusztig's algorithm. We first choose an order on Mq° extend- 
ing the natural order on unipotent classes of G^° defined by u < v when C1g (u) 
is contained in the Zariski closure of Qg (v) . Following Lusztig, we write (u,<p) ~ 
(v,ip) when u is conjugate to v. If u is a unipotent element of Go, we denote 
by B u the variety of Borel subgroups of Go containing u. We set d u — dim (£?„). 
We remark that if u < v then d v < d u . In Ql], Lusztig shows that the fun- 
tions Y u .<f> (with (u, 4>) <E form a basis of the uniform functions on the 

set of unipotent elements of G$ a . Note that the function X u ^ defined in 
V.24.2.8] is the characteristic function of the sheaf divided by q-( a o+r)/2. m our 
case, we have ao + r = dim(CG (u)) — rk(Go) = 2rf„; see [251 2.7]. With our 
notation, we have 

q du X u ^ = P(v,ij>),{u,4>)^v,i>- (1) 

We set P to be the matrix with coefficients P( v ,i>),{u,<p)- In [141 V.24], Lusztig 
shows that the coefficients of P are rational, that the diagonal elements of P 
are 1 and that P is an upper triangular matrix. Moreover, if (u, 4>) ~ (v, if)) 
but (u, 4>) 7^ (v, ip) then pf v ,t/i),(u,<l>) — 0- We give a way to compute the matrix P. 
We introduce the nonsingular bilinear form 

(/,/') = £/G/)7' (g), 

where X denotes the set of unipotent elements of Gq° and /' is defined in [141 
V.24.2.12]. We set 



_ |Gq°| Pu,<t>{wF )p v ^(w F ) 



where p Ut< f, is an extension of the instable character p u ^ given in M3.1l to the 
group W x ( Fq ) and T w is the rational torus of Go corresponding to w. 
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u 


Ac (u) 




Pu,4> 




Ml 


1 


1 


e 


4 


U2 


1 


1 


fi 


2 


"3 


1 


1 


<f2 


2 


M4 


1 


1 


X 


1 


US 


Z/2Z 


1 


lw 






Table 1: Generalized Springer correspondence for type B>2. 

We set fl to be the matrix with coefficients u>(u ^w^). Lusztig proves that 
the matrix P defined as above is the unique solution of 

l PKP = fl, 

where A is a block diagonal matrix, which is uniquely determined from the equa- 
tion when we choose the dimension of the blocks compatible with the relation ~. 

3.4 The Suzuki groups 

Let Go be a simple algebraic group of type B2 defined over the algebraic closure 
of the field of 2 elements. Let n be a non-negative integer; we set q = 2"v / 2 
and Fq = a o F 2» , where is the standard Frobenius map on Go over F2" 
and a is the bijective endomorphism arising from the symmetry of the Dynkin 
diagram, see 0] §12.3]. The Suzuki group of parameter q 2 is defined as G^ ; 
it has order q 4 {q 2 - 1)(<7 4 + 1). The Weyl group of Go is the dihedral group of 
order 8. We denote by w a and Wb the two generators of W corresponding to 
the roots a and b respectively. We denote by x r (t) (for a root r and i e Fj) 
the Chevalley generators of Go and we set x a — x a (l) and Xb = Xf>(l). By 
convention, we choose b for the long root. The group W has 5 irreducible 
characters. We denote by e the sign character of W and by x the irreducible 
character of degree 2. The two other linear characters are denoted by tp± and if2, 
the choice is such that <pi(w a ) = — 1. 

In Table we recall the generalized Springer correspondence for a simple 
group of type B2 in characteristic 2; see [2^1 IV. 1]. We set u\ = 1, U2 = Xb, U3 = 
x a , U4 = x a +bX2a+b and U5 = XaXbXa+b as representatives for the unipotent 
classes of Go- The Fo-stable classes of Go have representatives u\, U4 and U5. 
The class C\(us) F ° splits into two classes of G^ ; representatives of these classes 
are x a XbX a -\-b 

and x a XbX2a+b and are denoted by p and p 1 respectively in [27 . 
3.4.1 Uniform almost characters 

The Weyl group W of Go has three Fo-stable characters lw, £ and %. We choose 
extensions lw, £ and \ to W x ( Fq ). The values of these characters appear in 
Table |2j The decomposition into irreducible components of the uniform almost 
characters (computed using the definition of uniform almost characters in E 13.2H 
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F 


w a F 


w a w b w a F 


e 


1 


-1 


-1 


X 





-y/2 




lw 


1 


1 


1 



Table 2: Values of extensions on WF . 





til w 4 


P 


p- 1 


Re 


<j 4 








R X 


q(q 2 - 1) -9 










1 1 


1 


1 



Table 3: Values of the uniform almost characters of the Suzuki group. 

of the Suzuki groups are given in ^Ql Table 1]. We have Rj w = l G ^o, Re — 
St G F and i?x = -^(W^i+W^), where W\ and Wi are the two cuspidal unipotent 
characters of the Suzuki group (see (23); note that the results there are correct, 
however, one has to use our choices for % given in Table contrary to what they 
claim in PB Table 1]. Thus, using the character table of the Suzuki group given 
in we deduce 

Proposition 3.1 The values of the uniform almost characters of the Suzuki 
groups on the unipotent elements of Gq° are given in Table 

3.4.2 Lusztig's algorithm for the Suzuki groups 

The order on Af^ is (iti,l) < (^4, 1) < (1*5, 1). For the construction of the 
functions <fu,<f>, we need to fix an extension of 4> to ^4g ( u ) x ( Fq )', we choose the 
trivial character for Ag («i) X ( Fq ) and for ^4g ("3) x ( F ) , and the non-trivial 
character for Ag (u4) x (Fq). We then give the resulting functions in Table 0J 
Recall that |Tf°| = q 2 -l, |T£° | = q*-y/2q + l and \T$> aWhWW J = q 2 + V2q + l. 

Theorem 3.1 When Gq° is the Suzuki group of parameter q 2 , then the ma- 





Ul 


U4 


P 


p- 1 




1 











^114.1 





-1 
















1 


1 



Table 4: Values of the functions ip u ^ for the Suzuki group. 
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trix fl defined in iS. ft is 



n = 



1 g 2 -l 
q 2 — 1 q 6 — q 2 
1 -q 6 + q 4 



1 

q 6 + q 4 



The matrices P and A resulting from Lusztig 's algorithm described in tS. ft are 

and A = 



P = 



1 q 2 - 1 1 ' 
1 -1 
1 



1 

q e - q 4 + q 2 - 1 



q 8 - q 6 + q 4 - q 2 



Moreover the characteristic functions X u ^ with (u, (j>) S Afg° computed 
Relation Q) in iS. ft coincide with the uniform almost characters Rp 



unipotent elements of G 



F„ 



using 
n the 



3.5 The Ree groups of type G2 

Let G be a simple algebraic group of type G2 defined over F 3 ; we set q — 3 n \/3 
for some non-negative integer n and F = a o F 3 ™ , where a is described in 
§12.4] and F 3 >» is the standard Frobenius map over F 3 ^. The finite group Gq° is 
the Ree group of type G2 with parameter q 2 which has order q e (q 2 — l)(q e + 1). 
The Weyl group of Go is the dihedral group of order 12. We denote by w a and wi, 
the reflections of W corresponding to the roots a and b respectively (here b is the 
long root). As before, we denote by x r {t) the Chevalley generators of Go. The 
group W has 6 irreducible characters. We denote by lw the trivial character 
and by e the sign of W. There are two other linear characters; we denote by e a 
(resp. £{,) the one which satisfies e a (w a ) = — 1 (resp. eb(wb) = — 1). We denote 
by 9' and 9" the two characters of degree 2 such that 9'(w a Wb) = 1. 

In Table El we recall the generalized Springer correspondence for a simple 
group of type Gi in characteristic 3; see [26j. To obtain the correspondence 
for 9' and 9" with our notations, we use that be' = 1 and be" — 2, where b x 
denotes the smallest positive integer k such that \ occurs in the representation 
of W on the space of homogeneous polynomials of degree k on the natural 
complex reflection representation of W. The representatives of unipotent classes 

of G are U\ = 1, U 2 = X 2 a+b(l), "3 = a;3a+2b(l), U A = X 2a +b(l)x3a+2b(l), 

U5 = x a+ b{l)x3 a+ b{l) and uq = x a {l)xb{l). The Fo-stable classes of Go have 
representatives u\, 114, U5 and uq. The sets 0(1*5)^° and C\{uq) f ° split into two 
and three classes of G^ respectively. The representatives are denoted by T, T _1 
and Y, YT, YT' 1 following the notation of [2Hj. 



3.5.1 Uniform almost characters 

The Fo-stable characters of W are lw, £, 9' and 9" . In Table El we give the 
values of an extension of one of their extensions on the coset WFq . To simplify 
the notation, we set w\ = w a , w 2 = w a WbW a and W3 — w a WbW a WbW a . In |101 
Table 1] , the decomposition of the uniform almost characters of the Ree groups 
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u 


^G («) 




Pu,4> 


d u 


Ml 


1 


1 


e 


6 


U2 


1 


1 


£a 


3 


"3 


1 


1 


£b 


3 


M4 


1 


1 


6" 


2 


«5 


Z/2Z 


1 


0' 


1 


«6 


Z/3Z 


1 


lw 






Table 5: Generalized Springer correspondence for type Gi- 





Fo 


wiFo 


W2F0 


wgFo 


e 


1 


-1 


-1 


-1 


8" 





1 


-2 


1 


0' 





-V3 





^3 


lw 


1 


1 


1 


1 



Table 6: Values of extensions on WF . 

are given. We use the notation of j2H] f° r the unipotent characters of . We 
have: 

R Uv = l G*» 
Re = St G F , 

R ~e- = av5°(& + & + & + & + 2& + 2& ), 
R e» = 5(^ 5 _ & + £7 - 6s)- 

Using the character table of given in [2B|, we deduce 

Proposition 3.2 The values of the uniform almost characters on the unipotent 
elements of are given in Table Q 





ui 




UA 
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T -l 


Y 


YT 


YT' 1 




g 6 






















R~e» 


<lV - 


-1) 


-I 2 

















R e> 




1) 


-Q 


-Q 


-q 











R-. 
1 w 


1 
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1 


1 


1 


1 


1 



Table 7: Values of the uniform almost characters of the Ree groups of type G2. 
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Ml 


LI 4 


T 


T -l 


i 


YT 


YT~ X 




1 




















<pu 4 ,l 





1 

















fu 5 ,l 








-1 


-1 











Vu 6 ,l 














1 


1 


1 



Table 8: Values of the functions (p u ,cj> for the Ree groups of type Gi- 



3.5.2 Lusztig's algorithm for the Ree groups of type G2 

We first recall the orders of the finite tori of corresponding to w £ W; we 
have |Tf°| = g 2 -l, |T£°| = q 2 -VSq+l, |T*| = q 2 + l and |T^| = <?+y/3q+l. 
We choose the order (ui,l) < (M4, 1) < (1/5, 1) < (uq, 1) on A/jf . In order to 
define the (p Ui< j, we choose as extensions the trivial character of ^4g ( u i) x ( -Pb }, 
of Ag (1x4) X ( Fo ) and of A Go (u 6 ) X (Fa), For A Go (m 5 ) y> ( F ) , we choose the 
extension of the trivial character of Ag {us) which is not the trivial character 
of Ago (us) X ( Fq ). In TableHJ we give the values of the corresponding functions. 



Theorem 3.2 When 
the matrix fl defined in IS. S\ is 



When G ° is the Ree group of type G2 with parameter q 2 



then 



1 

1 - q 2 q s 

q'-l 
1 



1 



,10 



q 

-q S 

q H 



,10 



1 

-q 4 

q 6 -q 4 
hq 6 



q 8 -q e 
_ q W + q 6 

q 12 



The matrices P and A resulting from Lusztig 's algorithm described in tS. rft are 



P = 



1 l-q J 
1 





id A = 



10 

P i{q) 

q 2 Pl {q) 

q 4 pi(q) 



where pi (q) = (g 4 — 1 ) (g 4 — g 2 + 1 ) . Moreover for every (u,<f)) G A/"(f the resulting 
characteristic function X Ut $ coincides with the uniform almost character Rp u 
on the unipotent elements of . 



3.6 The Ree groups of type F 4 

Let Go be a simple algebraic group of type F4 defined over F2; we set q — 2 n V2 
for some non-negative integer n and Fq = a o i*^™ , where a is described in 01 
§12.3]. The finite group G^ is the Ree group of type F4 with parameter q 2 
which has order q 2i (q 2 - l)(q 6 + l){q 8 - l)(q 12 + 1). The Weyl group of G 
has 1152 elements and has 25 irreducible characters. The character table of W 
was computed by Kondo in [TJ]; we use his notation. 
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24 
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X4,5 


13 


£4 
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X9,4 


10 


X5 


Z/2Z 
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X8,4 


9 
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XI, 2 




x 7 
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rcg 
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Xn 
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X4,3 
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X12 
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X4,4 
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X13 
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X9,2 
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Pu,<j> 


d u 


X14, 


1 
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X9,3 
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X15 


1 


1 


X6,l 


6 


X16 


1 


1 


Xl6,l 


5 


xn 


63 


1 


Xl2,l 


1 








X6.2 




X20 


Z/2Z 


1 


X8,3 


3 




Z/2Z 


1 


X8,l 


3 


X24 


Dg 


1 


X9,l 


2 






e' 


X2,l 


















e" 


X2,3 




X29 


Z/2Z 


1 


X4,2 
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X31 


Z/4Z 


1 


XI, 1 






Table 9: Springer correspondence for type F4. 



The generalized Springer correspondence of a simple algebraic group of 
type F4 in characteristic 2 is determined in |2(il p. 330]. Remark that the char- 
acters denoted by X4, X4,i> X4,2, X4.3> X4,4> X12 and Xi6 in [lEj are those denoted 
by X4,i> X4,2, X4,3, X4,4, X4,5, Xi2,i and Xi6,i in HI] respectively. The 20 unipo- 
tent classes of Go were classified by Shinoda and we use the notation of [211 
Table I] . The representatives Xi are defined as products of Chevalley generators 
in [201 p. 139]. We recall in Table El the Springer correspondence of Go. We 
denote by e the non-trivial character of Z/2Z, by 9 the irreducible character 
of 63 of degree 2, and by e' and e" the two linear characters of D 8 distinct 
from the trivial and the sign characters. There are 10 unipotent classes of Go 
which are F -stable. They have as representatives the elements xo, £3, X4, xg, 
%15, %16, %17, x 24, X29 and £31. In [21], Shinoda shows that Fq acts trivially 
on A Go (x g ), A Gn (x 2 9), A Go (xn) and A Go (x 31 ). The action of F on ^00(2:24) 
is not trivial; this group has three fb-classes. Note that e' F ° = e". This permits 
to parametrize the conjugacy classes of Gg°. We denote by Ui (0 < i < 18) a 
system of representatives as in [2lJ Table 2] . 



3.6.1 Uniform almost characters 

The group W has eleven Fo-stable characters: Xi,i; Xi.4j Xi.i, X4,2, X4,5i X6.1, 
X6,2, X9,i> X9,4i Xi2,i and Xi6,i- For each of these characters, we choose an 
extension to W xi ( F ) . We give the values of these extensions on the coset WF 
in Table UTil We take the elements Wi (1 < i < 11) defined in [211 p. 8] for a 
system of representatives of the J^-classes of W. 

The unipotent characters of G^ were computed by Malle in ^1; in the 
following, we will use his notation. The decomposition of the uniform almost 
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Table 10: Values of extensions on WF . 



characters of in unipotent components is given in p.O; Table 1]. When Xi,j 
is an Fo-stable irreducible character of W, we write Rij for . to simplify. 
We recall: 

#1,4 = Xi, 

#4,5 = -^(xt + Xs), 

#9,4 — X3i 

#4,1 = j(X9 + X10 + 2xn - xu - Xl3 - 2%i4 - X15 - Xie - Xn - Xis), 

#6,1 = 3OK12 + X13 - X14 + X19 + X20 - 2x2i ), 



#16,1 = ^7f(X9-Xl0-Xl2+Xl3 + Xl5+Xl6-Xl7-Xl8), 



#6,2 = tK-3x9 - 3xio - X12 - X13 - 2xi4 + 2X19 + 2X20 + 2x: 



21 ) 



#12,1 = T2-(3X9 + 3xio + 6x11 + X12 + Xl3 + 2xi4 + 3X15 + 3xi6 + 3xi7 
+3xi8 + 4xi9 + 4x20 + 4x2i ), 

#9,1 = X2, 

#4,2 = -^(X5+X6), 

#4,1 = Xl- 

Using the table in [16 , we deduce 

Proposition 3.3 The values on the unipotent elements of the uniform almost 
characters of Ree groups of type F4 are given in Table 



3.6.2 Lusztig's algorithm for the Ree groups of type F4 

The order on A/" F ° is such that 

(1, 4) < (4, 5) < (9, 4) < (4, 1) < (6, 1) < (16, 1) < (6, 2) < (12, 1) < (9, 1) < (4, 2) < (1, 1). 
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Table 11: Values on unipotent elements of the uniform almost characters of Ree groups of type F4. 



The orders of the finite tori corresponding to elements w G W are 
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W3 


(9 2 - 
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Using Table we can compute the matrix fl defined in 93.31 We now give 
the selected extension of 4> to ^4 g f (u) x (Fq) for (u, <^>) € Af^° . We choose the 

trivial character of A f (u) xi ( Fq ) for (xo, 1), (X4, 1), (xg, 1), (£15, 1), (xn, 1), 
(a; 2 4, 1) and (cc 3 i, 1). We choose the extension of the trivial character which is 
not the trivial character for (x 3 , 1), (xi 6 , 1) and (x 2 g, 1). The group A Go ( x i7) ls 
isomorphic to 63 and Fq acts trivially on it. Thus AG (xn) xi (Fq) is a direct 
product; we choose for 9 the extension of such that 0(F ) = —2. We then can 
compute the corresponding functions ip u ,<p- 



Theorem 3.3 When G ° is the Ree group of type F4 with parameter q 2 
the matrix P resulting from Lusztig 's algorithm is 



the 
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pv(q) 
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-P9(q) 
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pii(q) 
P9(q) 
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-P9(q) 

-q 2 
-1 
-1 
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-1 
1 
1 
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-1 


1 
1 

-1 
1 



17 



where 

pi (q) = (<? 2 -i)(g 2 + i) 2 (g 4 -<7+i) 

Pa(g) = (q 8 -q 4 + l)(q 4 -q 2 + l) 

P3(q) = g 8 + i 

Pi{q) = {q 2 -l) 2 (q 4 -q 3 +q 2 -q + l)(q 4 + q 3 + q 2 +q + l) 

ps(?) = -(g 2 -l) 2 (g 2 + l) 3 (g 4 -g 2 + l) 

Pe(g) = -9 2 (g 12 -g 10 + 2g 6 -g 2 + l) 
P7(q) = q 16 + l 

P8(q) = (q 4 -q 2 + l)(q 8 ~q 4 + l) 

P9(q) = q 2 - i 

pio(g) = (g 2 - i)(g 4 - q 2 - i) 

Pll(q) = q 2 (q G ~q 2 + l) 
P\2(q) = ~q b + q 2 -l 
PVi(q) = q 6 -q 4 + l 

pu(q) = q 4 - 1 
Pis(g) = </ 4 -<? 2 + i 

TTie matrix A is i/ie diagonal matrix with entries 

[lJi(q)-,q 4 f2(q),q 10 Mq),q a fB(q),q 10 Mq),q 1 \f3(q),q 12 f 3 (q),q lti f : M,^ , 

where 

h(q) = (q 2 -l)(q 2 + l) 2 (q 4 + l)(q 4 -q 2 + l)(q 8 -q 4 + l) 

f 2 (q) = (q 4 -l)(q 4 + l) 2 (q 4 -q 2 + l)(q 8 -q 4 + l) 

f 3 (q) = (q 2 -l) 2 (q 2 + l) 2 (q 4 + l) 2 (q 4 -q 2 + l)(q S -q 4 + l) 

Moreover, for every {u,<fi) £ J^q , the characteristic function X UtC f, obtained 
using this algorithm coincides with the uniform almost character Rp u , on the 
unipotent elements of G F ° . 



4 The disconnected cases 



We keep the same notation as in the preceding sections. 



4.1 Uniform almost characters 

Digne-Michel |Hj and Malle have generalized the Deligne-Lusztig theory to 
disconnected groups. We briefly recall^the construction: let T" be a rational 
"torus" of G contained in a "Borel" B'. We then have (see 8, Proposition 
1.5]) B' = U' xi T', where U' is the unipotent radical of B'°. We introduce the 
variety Yu- = {x E G \ x^F^) £ U'}. The groups G F and T' F _act on Y n - 
and these actions commute. This induces linear actions on H l c {Y\j> , Q e ), where i 
is a prime number distinct from the characteristic. Let 9 g Irr(T' F ), we define 
the associated generalized Deligne-Lusztig characters by (see [HI §2]) 



tf|WG?) = PjviTT E 0(*~W(ff.*)|ffcCYu',O«)) for 5 GG. 

I I teT , F 



We now give a parametrization (up to conjugacy) of the rational "tori" of G 
containing t. We recall that the "tori" of G are conjugate in G; see (Sj. Let T' 
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be a "torus" of G mntaining r, then T'° = T" n G° is a maximal torus of G 
and we have T' = T'° X ( r ). We have 

Proposition 4.1 We fix a maximal rational torus To of Go and we set T = 

T x T and T = T x (t). The G F -classes of rational "tori" of G are in 
correspondence with the G F ° -classes of maximal rational tori of Gq. We fix a 
system Wf of representatives of Fq- classes of Wo. Let w £ Wf and n w be a 
corresponding element in Ng (To). We set 

To lUJ = xTqx^ 1 and T w — (x,x)T(x,x)^ 1 , 

where x is such that n w = x Fq(x). Then the sets {Tq, w \ w £ Wf } 
and {T w \ w £ Wf } are respectively representative systems of G F ° -classes 
of maximal rational tori of Gq and G F -classes of rational "tori" ofG. 

Proof — Write X for the set of "tori" of G. The connected group G^acts 
transitively on X. We denote by F' : X -> X, T ^ F(T'). We have F'(xT') = 
F(x)F'(T') and N G °(T') is a closed subset. We can apply Theorem IO The 
"torus" T = (T x T ) xi (t) is a rational "torus" of X. We have 

N G (T) = N G (T x To) n N G (r) = \i (N Go (T )) , 

it follows that /i is an isomorphism of algebraic groups between N Go (To ) and N G (T) . 
Since C G (T) = /x(To), we deduce that 

N G (T)° =C G (T). 

Moreover, we have 

N G (T)/C G (T)^ M (N Go (T )/T ), 

where [i is the map wT§ > [i(wTq). We then have 

Vw € N Go (T )/T , F(p(w)) = /x (F (w)) . 

Let w £ N Go (T )/T and n w be a representative of w in N Gn (T ). Let x £ G 
be such that n w = x~ 1 F (x); We have 

(x, xy 1 F(x, x) = (x~ 1 F (x),x~ 1 F (x)) = (n w ,n w ) — fi{n w ), 

The result is then a consequence of Theorem 12.11 

□ 

Remark 4.1 We have to find an analogue of Proposition 1.40 of '81 in our 
special case (with explicit representatives for the classes of rational "tori"). As 
a consequence of Proposition we obtain Proposition 1.38 of ' L 8l, which says 
that every G F -class of "torus" ofG has a representative that contains r. 
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The Weyl group of G is W = N G (T)/T, where T = T x T . Following Malle 
in ^21) we give a definition of the uniform almost characters of G F : let p be an 
irreducible character of W T and p be an extension of p to W = W T x ( F ) . We 
define the uniform almost character corresponding to p as the restriction of the 
class function onto the coset G f t: (we adapt here the definition |17l Definition 
2] given in the case where F acts trivially on the Weyl group): 



R ~p= E J 1 ^)- 



\w- , 

Note that W T is isomorphic to Wq and the operation of F on W T is the same 
as the one of F on Wo ■ 

In order to compute the decomposition of characters (1;j,f ) in irreducible 
constituents, we recall Proposition 4.8 of (Sj: 

Proposition 4.2 Lei T' and T" be two rational "tori" containing t; suppose 
that & G Irr (t' f ) and 6" G Irr (T" F ) safe/y O = Res^F^') G Irr (t'° fN 



and 9' ' = Res|" oF (6>") G Irr (V' oF J . We have 
if(T'°,9' ) and (T"°,9q) are not (iG T )°Y -conjugate and 



[R9(e'),R^ / (6')) T = _\ oF {neN (5noP (T')|X = ^} 



Here, {ipi,^) 2 )r denotes j^pr J2 (ff 1 ")^ (s"r) . 



4.2 Generalized Springer correspondence 

The generalized Springer correspondence is extended to disconnected groups 
in 1 151 II]. It is extended for the connected component D = Gt of G: since r 
is unipotent, we can associate to every pair (u, 4>) of Md (u is a unipotent el- 
ement lying in D and 4> is an irreducible character of A(u) defined in H2.2H 
a 4-tuple (L,v,ip,p) as in the connected case, where L is a r-stable Levi sub- 
group of G, (v, tjj) is a cuspidal pair of A/l,t and p is an irreducible charac- 
ter of N G r(L)/L; see [H 11.8.8,11.11.10]. For the pairs corresponding to T 
(denoted TVb.o as previously), the generalization to the disconnected case was 
independently introduced by Sorlin |24j . 

Proposition 4.3 Let Gq, G and G as in 12. 1\ Let u be a unipotent element 
of Go and (u, <fi) G TVo and let p u ,4> G Wo be the Springer correspondent of (it, </>). 
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Then (f(u),<f>o /j, 1 ) <= Afo,o (where f and [i are the maps defined in Proposi- 
tion \2.2\ ) and the Springer correspondent corresponding to it is p Ui< p (viewed as 
a character o/N G .(T)/T ~ W ). 

Proof — This is a consequence of Proposition 12.21 and |19l Theorem 3.3], 
applied with a being trivial. 

□ 

Corollary 4.1 The Springer correspondence for the pairs lying in Nd.o for the 
disconnected groups of type B 2 and F^ are given in Tables^\and\Q respectively. 
In Tabled (resp. Table\j%), the representatives Ui (resp. Xi) are now the images 
under f defined in Proposition \2.2\ of the corresponding elements of Go . 

Remark 4.2 In fact, for the disconnected cases of type Bi and F4, the general- 
ized Springer correspondence of the pairs lying in A/b is in correspondence with 
the generalized correspondence of the pairs lying in Af . The generalized Springer 
correspondence for disconnected groups indeed satisfies the same properties as 
the generalized Springer correspondence for connected groups. These properties 
are recalled in f Jffl §2]. Moreover in [26], Spaltenstein proves that the general- 
ized Springer correspondence for a simple group of type F4 in characteristic 2 
corresponding to the pairs which are not in JVq can be computed using only these 
properties. 

4.3 The disconnected case of type B 2 

We use the notation of PJ. Note that the symbol q in j2] is the symbol q 
in this paper. The group G F has 4 unipotent characters 1g f j, 9i, $4 and 9s 
which extend to G F . If 6 is such a character, we denote by 9 the extension 
such that 9{t) > 0. The values of these extensions are given in (21 Table 9]. 
Since every class of G lying in the coset Gr is real, it follows from Remark l2~D 
that the class of f(x) (where x <G Go and / defined in Proposition 12.21) is 

the Shintani correspondent of x in G ° x ( F ) when we use the identifications 
of Proposition ^. II This correspondence is explicitly described in Proposition 
4,1], Following Proposition 14.11 the G F -classes of rational "tori" of G are 
parametrized by the Fo-classes of W = W^Go) and a system of representatives 
is given in Table[2| For such a representative w, we denote by R w the restriction 
of .Kg to G f t. 

Proposition 4.4 We have on the coset G f t: 

R\ = 1q + #4 

R Wa = 1^ — 9\ — 9r — #4 

RwcWbWa = 1q + 6*1 + ^5 ^ ^4 
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Proof — Using the proof of Proposition 3.1], we deduce that Ri = 1q + #4 
on G f t. Let w £ W; note that (R W) 1q) t = 1, where (, ) T is the restricted 
scalar product introduced in Proposition 14.21 We indeed have 

( (ljJ, F ), 1q )t = ( 1t*">*^t„ Qt f ) ) T £f r = ( ''-T Jr ' )t° f t = 1; 

where *i£~ is the adjoint of i?? . Using Proposition 14.21 we deduce that 

( Rw a : Rw a )t — ( Rw a WbW a : Rw a w b w a f r — 4, 
( -^1 7 Rw a ) r ( Rl i Rw a WbW a ) r 0* 

We then deduce that 

( 64, Rw a )r — ( $4, Riv a w b w a )t = ( 1q? Rw a )r = !■ 

Moreover, since the constituents of i?„, a and R Wa w b w a are extensions of unipotent 
characters of_ G F , we deduce that the other constituents of these characters 
are 6\ and 6 5 (possibly with multiplicity 0). However, the r-norm of these 
characters is 4. It then follows that B\ and #5 occur with multiplicity ±1. Now, 
using [HI Theorem 4.13], we have 

Rw«{t) = R%l Wa (1) = -(q 2 - l)(q 2 + V2q + 1), 

and similarly R Wa WbWa (r) = -(q 2 - l)(q 2 - y/2q + 1). 
Since #i(t) = 9^{t) — -^q{q 2 — 1), the result holds. 

□ 



Corollary 4.2 We choose the extensions of the F-stable characters of W T 
to W T X) (F) as in Tabled We then have 

R\ = 

Re = #4, 

% = +9 5 ). 

Moreover, the values of these class functions on the unipotent elements lying in 
the coset G f t are given in Tabled where we replace u\, U2, p and p^ 1 by the 
elements denoted by (1,0"), {x a +b, {x a ,<j) and {x a x a +b,v) in [2] respectively. 

Let A/jp o be the set of pairs of Nd,o which are .F-stable. When (u, (f>) £ A/"^ j 
we can associate to (u, (j>) a class function Y Ut $ on the unipotent elements of G f t; 
see IV. 19.6, IV. 19. 8]. When u is a unipotent element of G f t, we denote 
by B u the variety of Borel subgroups of G which are it-stable (for the conjugation 
in G). We now have: 

• A Springer correspondence for the pairs lying in Afp ; 
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• A basis of the space of class functions defined on the unipotent elements 
of G f t. 



• The integers d u giving the dimensions of the varieties B u . 

We can then formally apply Lusztig's Algorithm with these data as input. Re- 
mark that if u is a unipotent element of Go, then the varieties B u and #/(«) 
(with / defined in Proposition 12 . 2fi are isomorphic. The isomorphism is given 

by 

B'eB„H(B',B')6%). 

We have seen in Proposition 12.21 that f{u) lies in a rational unipotent class 
of Gr. Let v! be a rational element in the class of f{u) obtained by the process 
of the proof of Proposition 12. 21 We have shown that the action of F on A(u') is 
the same as the one of F on A(f(u)). We thus obtain a bijection between the 
pairs (it', <f>') e Af£° and the pairs (f(u), (fiofj, 1 ), with (f)ofj, 1 being an F-stable 
character of A(f(u)). Since the action of F on A(f(u)) is the same as the one 
of Fq on Ag (u), it follows that Af F ° and ftf£ are in bijection. Using the proof 
of ^1 IV, Lemma 9.7], we define the class functions for (u, <p) G A/jf° 

by the class function_on the set of unipotent elements of G f t as follows: the 
conjugacy classes of G F lying in C\(f(u) F ) are in bijection with the ^-classes 
of A{f(u)) (see the proof of Proposition 12.21) . If a is a representative of such a 
class, we denote by a a representative of the corresponding class of G F . Let g £ 
G F , we set 



ff(u)A9) 



4>{aF) if g is conjugate in G to a, 
otherwise. 



Here <f> denotes an extension of o to A(f(u)) X (F), We choose for <j> 
the same extension as in Table For the notation, we replace in Table 21 the 
functions <p u ,^ by <Pf( u ), <t> an d the classes as in Corollary 14.21 

Proposition 4.5 The outputs obtained using Lusztig's algorithm with these 
data are precisely the uniform almost characters of G f t. 



4.4 Conjecture for the disconnected case of type F 4 

Since Lusztig's algorithm is valid for the disconnected case of type £?2, we can 
suppose that this will also be the case for the disconnected type F4 . We state a 
conjecture of the same type as Proposition 14.51 

Conjecture 4.1 Suppose Gq is a simple group of type F4 and Fq the generalized 
Frobenius map that defines a Ree group of type F4. Then the values of the 
uniform almost characters of the group G Q ° x (F ) on the coset Gq°F are 
given in Table \ll\ when we replace Ui by its Shintani correspondent N Fn / F 2(ui). 
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